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Frenkel Reshetikhin [1] ver-
tex operator q-deformation $n$ holonomic















[4] $g$ $l$ $Q$ $\alpha_{i}(i=$
$0$ , , l) simple root $P=Z\Lambda_{0}\oplus\cdots\oplus Z\Lambda_{l}\oplus Z\delta$ weight
lattice dual lattice $P^{*}=Zh_{0}\oplus\cdots\oplus Zh_{l}\oplus Zd$
( \langle $\delta,$ $d$} $=a_{0}$ $a_{0}\neq 1$
) $P$ invariant bilinear form $(|)$
[4] (i.e. $(\theta|\theta)=2,$ $\theta=\delta-\alpha_{0}$ ) $[2,3]$
$(, )$ $(\lambda, \mu)=r(\lambda|\mu)/2$
( $r$ $g$ $g^{\vee}$ ) $k\in Z_{\geq 0}$
$P_{k}$ $k$ dominant integral weight
$q$ $\mathfrak{g}$ $U_{q}(\mathfrak{g})$ ( $Q(q)$ )
: $e_{i},$ $f_{i}(i=0, \cdots, l),$ $q^{h}(h\in P^{*})$ .
: $q^{0}=1$ , $q^{h}q^{h’}=q^{h+h’}$ ,
$q^{h}e_{i}q^{-h}=q^{\langle h,\alpha_{i}\rangle}e_{i}$ , $q^{h}f_{i}q^{-h}=q^{-\langle h,\alpha_{i}\rangle}f_{i}$ ,
$[e_{i}, f_{j}]= \delta_{ij}\frac{t_{i}-t_{i}^{-1}}{q_{i}-q_{i^{-1}}}$ ,
$\sum_{n=0}^{b}(-)^{n}e_{i}^{(n)}e_{j}e_{i}^{(b-n)}=\sum_{n=0}^{b}(-)^{n}f_{i}^{(n)}f_{j}f_{i}^{(b-n)}=0$ $(i\neq j)$ .
$q_{i}=q^{(\alpha_{i},\alpha_{i})},$ $t_{i}=q^{(\alpha_{i},\alpha_{i})h_{i}},$ $b=1-\langle h_{i},$ $\alpha_{j}$ }, $[n]_{i}=(q_{i}^{n}-$










$U_{q}(g)$ $e_{i},$ $f_{i},$ $q^{h_{i}}(i=0,$ $\cdots$ ,
l) $U_{q}(g)$ $U_{q}’(g)$ $g$
$U=U_{q}(g),$ $U’=U_{q}’(g)$
$\lambda\in P_{k}$ $V(\lambda)$ $\lambda$
$|\lambda\rangle$
$U’$-module $U’$ $q^{d}$
$\delta$ count $cl$ $Parrow P/Z\delta$
canonical map $P_{cl}=cl(P)$ $U’$-module
$P_{cl}$ $P/Z\deltaarrow P$ Z-linear map $af$
$af(cl(\alpha_{i}))=\alpha_{i}(i\neq 0),$ $af(cl(\Lambda_{0}))=A_{0}$
$cloaf=id,$ $af(cl(\alpha_{0}))=\alpha_{0}-\delta$ $0$
$U’$-module $V$ $V_{z}=Q(q)[z, z^{-1}]\otimes V$
$U$-module
$e_{i}(z^{n}\otimes v)=z^{\delta_{i0}+n}\otimes e_{i}v$ , $f_{i}(z^{n}\otimes v)=z^{-\delta_{i0}+n}\otimes f_{i}v$
wt $(z^{n}\otimes v)=n\delta+af$ (wt v)
$\lambda,$ $\mu\in P_{k}$ , $U’$-module $V$
$U$-module intertwiner
$\tilde{\Phi}(z)$ : $V(\lambda)arrow V(\mu)\otimes V_{z}\wedge$
$\otimes\wedge$









$\rho=\sum_{i0}^{\iota_{=}}\Lambda_{i},$ $h^{\vee}$ dual Coxeter number $qVO$
($qVO$ ) [3].
$Hom_{U}(V(\lambda), V(\mu)\otimes V_{z})\wedge\simeq\{v\in V|wtv=cl(\lambda-\mu), e_{i}^{(h_{i},\mu\rangle+1}v=0\forall i\}$
$\tilde{\Phi}(z)\vdash\div v$ $s.t.\tilde{\Phi}(z)|\lambda$} $=|\mu\rangle$ $\otimes v+\cdots$
$v$ leading term o $qVO$
$V$ weight multiplicity ( $P_{cl}$ )
1 $\lambda,$ $\mu,$ $V$ $qVO$
1 $\Phi_{\lambda}^{\mu}(z)$




$U’$-module $V$ $U$-module inter-
twiner
$\check{R}(z_{1}/z_{2})$ : $V_{z_{1}}\otimes V_{z_{2}}arrow V_{z_{2}}\otimes V_{z_{1}}$
intertwiner universal $R$ matrix $\mathcal{R}$
image $(\pi_{V_{z_{1}}}\otimes\pi_{V_{z_{2}}})(\mathcal{R})$
( $\check{R}(z)$ [3] ) admissible
$(\mu_{1)}\mu_{0}),$ $(\mu_{2}, \mu_{1})$
$\check{R}(z_{1}/z_{2})\Phi_{\mu_{1}^{2}}^{\mu}(z_{1})\Phi_{\mu_{0}^{1}}^{\mu}(z_{2})$
$= \sum_{\mu_{1}\in P_{k}}\Phi_{\mu_{1}}^{\mu_{2}},(z_{2})\Phi_{\mu_{0}}^{\mu_{1}’}(z_{1})C(\begin{array}{ll}\mu_{0} \mu_{1}\mu_{1} \mu_{2}\end{array})(z_{1}/z_{2})$
$(*)$
$\check{R}(z_{1}/z_{2})\Phi_{\mu_{1}^{2}}^{\mu}(z_{1})\Phi_{\mu_{0}^{1}}^{\mu}(z_{2})$ $V(\mu_{0})$ $V(\mu_{2})\otimes V_{z_{2}}\otimes V_{z_{1}}\wedge\wedge$
intertwiner { $\Phi_{\mu_{1}}^{\mu_{2}},(z_{2})\Phi_{\mu_{0}}^{\mu_{1}’}(z_{1})|\mu_{1}’\in P_{k},$ $(\mu_{2}, \mu_{1}’),$ $(\mu_{1}’, \mu_{0})$ :
admissible} intertwiner base [1]
$(*)$
$\check{R}(z_{1}/z_{2})\langle\mu_{2}|\Phi_{\mu_{1}^{2}}^{\mu}(z_{1})\Phi_{\mu_{0}^{1}}^{\mu}(z_{2})|\mu_{0}\rangle$
$= \sum_{\mu_{1}’\in P_{k}}\langle\mu_{2}|\Phi_{\mu_{1}’}^{\mu_{2}}(z_{2})\Phi_{\mu_{0}^{1}}^{\mu’}(z_{1})|\mu_{0}\}C(\begin{array}{ll}\mu_{0} \mu_{1}\mu_{1}^{/} \mu_{2}\end{array})(z_{1}/z_{2})$
$(\#)$
{ $\mu_{2}|\Phi_{\mu_{1}^{2}}^{\mu}(z_{1})\Phi_{\mu_{0}^{1}}^{\mu}(z_{2})|\mu 0\rangle$ $\Phi_{\mu_{1}^{2}}^{\mu}(z_{1})\Phi_{\mu_{0}^{1}}^{\mu}(z_{2})|\mu 0\rangle$ $|\mu_{2}\rangle$
$V\otimes V$ $\triangle_{\lambda}$
$z_{2}/z_{1}$ $z_{1}/z_{2}$ $q\in C^{\cross},$ $|q|<1$
[1] $(\#)$ holonomic $q-$
$C(\begin{array}{ll}\mu_{0} \mu_{1}\mu_{1} \mu_{2}\end{array})(z_{1}/z_{2})$ $|z_{2}|\ll|z_{1}|$
$|z_{1}|\ll|z_{2}|$
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(pseudo constant) , i.e. $C(pz)=C(z)(p=q^{2(k+h^{\vee})})$ .
$z=e^{2\pi iu}$ $C(z)$ $u$ 2
$C(z)$ face Yang-Baxter
$\sum_{\nu}C(\begin{array}{ll}\mu_{6} \nu\mu_{5} \mu_{4}\end{array})(z_{1})C (\begin{array}{ll}\mu_{1} \mu_{2}\mu_{6} \nu\end{array})(z_{1}z_{2})C(\begin{array}{ll}\mu_{2} \mu_{3}\nu \mu_{4}\end{array})(z_{2})$




$q$VO $\{\Phi_{\mu_{2}}^{\iota/}(z_{1})\Phi_{\mu_{1}^{2}}^{\mu}(z_{2})\Phi_{\lambda}^{\mu_{1}}(z_{3})|\mu_{1},$ $\mu_{2}\in P_{k}$ ,
$(\nu, \mu_{2}),$ $(\mu_{2}, \mu_{1}),$ $(\mu_{1}, \lambda)$ : admissible} 1
2 $\check{R}$ vertex Boltzmann
weight $C$ face $(*)$ ver-
tex-face $0$
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3. vertex 1D sum
crystal base
$U$-module $q=0$ base $\circ$ crystal base
upper lower 2 upper
crystal base $M$ integrable $U$-module
$M_{\lambda}$ $M$ $\lambda$ $M$ $e_{i},$ $f_{i}$
$\tilde{e}_{i},\tilde{f}_{i}$ operator ([3] Sect 2.3 )
$(L, B)$ crystal base
(1) $M\simeq Q(q)\otimes_{A}L$ , $A=$ {$f\in Q(q)|$ regular at $q=0$}






(4) $\tilde{e}_{i}L\subset L$ , $\tilde{f}_{i}L\subset L$
$\tilde{e}_{i}B\subset Bu\{0\}$ , $f_{i}^{\sim}B\subset B$ $\{0\}$
(5) $b,$ $b’\in B$ , $b’=\tilde{f}_{i}b\Leftrightarrow b=\tilde{e}_{i}b’$
$L,$ $B$ $M$ crystal lattice, crystal
$V(\lambda)$ crystal base [5]
$(L(\lambda), B(\lambda))$ crystal base $U’-$
module $U’-mod-$
ule $V$ crystal base $(L, B)$
$(g, V)$
observe ([6] )
Observation. $\eta\in P_{N}$ $\eta$ $V$ crystal $s$e-
quence
$p_{gr}=(p_{gr}(n))_{n\geq 1}$ , $p_{gr}(n)\in B$
$H$
$\check{R}(z)|_{q=0}(b_{1}\otimes b_{2})=z^{-H(b_{1}\otimes b_{2})}b_{1}\otimes b_{2}$
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$\alpha$ level $N$ (dominant ) $Z\Lambda_{0}\oplus\cdots\oplus Z\Lambda_{l}$






1 dimensional configuration sum (1D sum), string
function o $\mathcal{P}(\eta;B)$ path
\mbox{\boldmath $\tau$} [2]
$V$ crystal perfect ( [2] Def 4.6.1)
[2]. $B$ perfect crystal
$B(\eta)arrow^{\sim}\mathcal{P}(\eta;B)$
path $p$ weight
$w t(p)=\eta+\sum_{k=1}^{\infty}$ (a$f(wtp(k))-af(wtp_{gr}(k))$ ) $-\omega(p)\delta$






4. face 1D sum
vertex 1 $D$ sum $B$ perfect string func-
tion face
path restricted path
$\xi\in P_{k-N,\eta}\in P_{N}$ $a\in \mathcal{P}_{res}(\xi, \eta;B)$
(1) $a$ $P_{k}$ sequence, i.e. $a=(a(n))_{n\geq 0},$ $a(n)\in P_{k}$ .
(2) wt $p(n)=cl(a(n)-a(n-1))$ $p\in \mathcal{P}(\eta;B)$
(3) $(a(n), a(n-1))$ admissible, i.e. $\Phi_{a(n-1)}^{a(n)}(z)$
(4) $a( O)=\xi+\eta+\sum_{k1}^{\infty_{=}}(af(wtp(k))-af(wtp_{gr}(k)))$ .
observation ( [6]
Sect 4 )













$\overline{H}(\mu_{0}, \mu_{1}, \mu_{2})=H(b_{2}\otimes b_{1})$




$\overline{\Phi}_{\lambda}^{\mu}(z)|\lambda\rangle=|\mu\rangle\otimes b+O(q)$ for s$omeb\in B$
$qVO$ crystal lattice ’
2.
High $(\xi, \eta)=\{b\otimes b’\in B(\xi)\otimes B(\eta)|.\tilde{e}_{i}(b\otimes b’)=0\forall i\}$
$\mathcal{P}_{res}(\xi, \eta;B)arrow^{\sim}High(\xi, \eta)$
$a\mapsto|\xi\rangle\otimes b$
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